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Abstract
We derived an analytic formula for T violation by using the perturbation theory for
small quantities, m221L/2E and δa(x)L/2E, where δa(x) represents symmetric and
asymmetric matter fluctuations, i.e., deviations from the average density. We analyzed
the eect of matter fluctuations to T violation, by assuming PREM prole of earth
matter density. We found that matter fluctuations do not give any viable contribution for
L <6000km, while the fluctuation eect becomes large due to resonances for L >7000km.
For 7000km< L <8000km, matter fluctuations contribute destructively to the average
density term and the net result is small, while for L >8000km, the contribution from






In our previous paper[1], we analyzed the matter fluctuation eect to T violation, P (να !
νβ) − P (νβ ! να) (α 6= β) at a neutrino factory[2] by using the perturbation method
developed by Koike and Sato[3] and Ota and Sato[4]. The perturbation is made with
respect to small quantities, m221L/2E and δa(x)L/2E, where δa(x) represents matter
fluctuations, i.e., deviations from the average density . We examined T violation up to
the 2nd order and found that it arises from the average density, the 1st order term which
is proportional to m221L/2E and term from matter fluctuations, the 2nd order term
proportional to (m221L/2E)(δa(x)L/2E). The zeroth order term and terms proportional
to (m221L/2E)
2 and (δa(x)L/2E)n (n = 1, 2, 3) do not contribute to T violation. The
1st order term and the 2nd order term from symmetric matter fluctuations which we
denote δas contribute to sin δ term and the 2nd order term from asymmetric matter
fluctuations, δaa does to the fake cos δ term, where δ is the CP violation phase in MNS
neutrino mixing matrix[5].
By using the preliminary reference earth model (PREM)[6] for symmetric matter fluc-
tuations and assuming that asymmetric matter fluctuations are much less than symmetric
matter fluctuations given by PREM, we computed T violation and found that the 2nd
order term from symmetric and asymmetric matter fluctuations gives only negligible con-
tributions to T violation, and thus the constant (average) matter approximation is valid
for L = 3000km. On the other hand, for L = 7332km, we found that the contribution
from symmetric matter fluctuations becomes as large as the 1st order term and moreover
they contribute destructively so that T violation becomes very small. This means that
the constant (average) matter approximation is not valid for L >7000km and also the
validity of our 2nd order formula should be examined.
In this paper, we discuss the following three questions: (1) Is the 2nd order formula
valid? (2) What is the length where the constant (average) matter approximation fails for
T violation? That is, at what length, the matter fluctuation eect becomes important.
(3) What is the size of T violation for L >7000km?
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To answer these questions, we computed the next order (3rd order) contribution to
T violation, i.e., the term proportional to (m221L/2E)(δa(x)sL/2E)
2. Our result is as
follows: The contribution from matter fluctuation can be safely neglected for L <6000km.
When we discuss T violation with length larger than 6000km, the matter fluctuation eect
should be taken into account. The 3rd order contribution is negligible in comparison
with the 1st and the 2nd order term for all distances. Therefore, T violation can be
reliably estimated for all distances and it becomes very small for 7000km< L <8000km.
For L >8000km, the 1st and the 2nd terms contribute constructively and T violation
becomes large.
This paper is organized as follows: In Sec.2, the analytic formula for T violation is
given. The numerical analysis for T violation by using PREM prole is given in Sec.3
and the mechanism how the cancellation occurs for 7000km< L <8000km is explained
analytically. The summary is given in Sec.4. The derivation of the analytic formula is
given in Appendix.
2 T violation formula
For completeness, we give the 1st and the 2nd order contributions to T violation and the
denition of parameters in the formula. We also give the 3rd order contribution from
symmetric fluctuations.
(a) Notation
We begin with dening the neutrino mixing matrix as





−sxcy − cxsyszeiδ cxcy − sxsyszeiδ syczeiδ
sxsy − cxcyszeiδ −cxsy − sxcyszeiδ cyczeiδ

 , (1)
where λj (j = 2, 5, 7) are Gell-Mann matrices and ca = cos θa and sa = sin θa. Since
the Majorana CP-violation phases are irrelevant to the neutrino oscillations (flavor os-
cillations)[7], we neglected them. The relation between the flavor eigenstates, jναi (α =
2
e, µ, τ), and the mass eigenstates, jνii (i = 1, 2, 3), is given by
jναi = Uαijνii . (2)




jνβ(x)i = H(x)βαjνα(x)i , (3)











































where ne(x), Ye and ρ(x) are the electron number density, the electron fraction and the
matter density, respectively. For the electron fraction, we use Ye = 0.5.
We separate the matter density fluctuation from its average a,
δa(x)  a(x)− a , (6)
and consider the deviation δa(x) as a perturbative term. That is, we solve the evolution
equation by treating δa(x)L/2E and m221L/2E as perturbative terms, because they are
small for most of the cases of planned neutrino factories.
T violation is dened by
P Tνανβ = P (να ! νβ)− P (νβ ! να) , (7)
which is evaluated by using the method developed by Koike and Sato[3], Ota and Sato[4].
Ota and Sato showed that the 1st order approximation for δa(x)L/2E is good enough
to reproduce the transition probability. However, T violation is as small as a few % of
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the transition probability so that this approximation is not valid. In fact, we showed the
2nd order term becomes as important as the 1st order term for L >6000km. We show
T violation, P Tνeνµ up to the 3rd order perturbation for symmetric matter fluctuations
and the 2nd order for asymmetric matter fluctuations. The analytical formula is given
















(b) The analytic formula for T violation



































The sum of the 1st and the 2nd order terms due to symmetric matter fluctuations
contributes to sin δ term and is given by







































The asymmetric matter fluctuation contributes to the cos δ term and is given by
















































The 3rd order contribution from symmetric fluctuations is given by





























































































It is amusing to see that the 1st and the 2nd order terms due to symmetric matter
fluctuations have the same coecient and the same oscillation term as we can see from







2 = q22 is realized at
some distance, the matter fluctuation term dominates over the 1st order term, although
this singular behavior is cancelled by the oscillation term. The asymmetric matter con-
tribution gives the similar contribution except for the angle δ. The 3rd order term is
rather complicated and seems to have double poles when n = m, which is false due to
the cancellation between other terms, and there are no singularities.
As we expected, symmetric and asymmetric matter fluctuations contribute to the
sin δ and cos δ parts of T violation.
The important fact for T violation is that the relation




ντ νe , (14)
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holds even in our 3rd order formula. That is, we can not gain any further information by
examining other channels. This fact for the constant matter was rst found by Krastev
and Petcov[8] and the validity for the 2nd order formula is proved in Ref.1.
3 Numerical analysis
By using the analytic formula, P T (1+2s+2a+3s)νeνµ , we investigate the L and E dependences
of T violation. The energy of neutrino, E and the distance, L are taken from 1GeV to
30GeV and from 1000km to 12000km. Neutrino oscillation parameters are taken as
m231 = 3 10−3 (eV2) , m221 = 5 10−5 (eV2) ,
sin 2θx = sin 2θy = 1 , sin θz = 0.1 , δ = pi/4 , (15)
as a typical case.
(a) General features of T violation
Here we examine the eect of symmetric fluctuations to T violation. For the average
density and symmetric fluctuations, we assume PREM and decompose it into the average
density a and the Fourier coecients a2n (n = 1, 2, 3, 4), which are functions of L. It is
a general belief that the average density is determined with better accuracy than matter
fluctuations.
We computed T violation, P Tνeνµ from L =1000km to 12000km. We found that the
2nd and the 3rd order terms are not important for L < 6000km and thus the constant
(average) matter approximation is valid. We remind that the 1st order term contains the
eect of the constant matter, while the 2nd and the 3rd order terms are due to matter
fluctuations as we can see in Eqs.(11), (12) and (13).
Now we concentrate on the distance L > 6000km. In Figs.1-6, we show the E depen-
dence of T violation for L =6000km, 7000km, 7700km, 8000km, 10000km and 11000km,
where the 1st, the 2nd and the 3rd order terms are shown by the dashed line, the dotted
line and the dash-dotted line, respectively. The solid line represents the sum of them.
The vacuum (no matter) case is shown by the dash-twodotted line for comparison.
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When L >7000km, the 2nd order term becomes the same order as the 1st order term
and is no more neglected. Moreover, as we see in Figs.2 and 3, for 7000km< L <8000km,
the 1st and the 2nd order terms contribute destructively and T violation becomes small.
When 8000km< L <9000km, the 1st and the 2nd order terms contribute constructively
as we see in Fig.4. For L >10000km, the 2nd order term becomes much larger than the
1st order term.
For all distances, the 3rd order term (the dash-dotted line) gives only a negligible
contribution and it is hard to see from these gures. Thus, the 3rd order term can safely
be neglected so that we need to consider the 1st and the 2nd order terms only.
When we see Figs.1-6, for E > 5GeV, we observe that there are two peaks. One is at
E =5.5GeV and the other is at E =10GeV for L =6000km. The energies of these peaks
increase as L increases. T violation for energies larger than that of the lower energy peak
lies between these two peak values.
We examined the L dependence of these two peak values and the result is shown in
Fig.7a. Faint diamonds and dark diamonds correspond to the peak values of the lower
and the higher energy peaks, respectively. Diamonds, stars, boxes, triangles, circle show
T violation for sz = sin θ13 = 0.1, 0.08, 0.06, 0.04 and 0.02. Fig.7b shows the case for
E =30GeV.
Due to the cancellation between the 1st and the 2nd order terms, T violation becomes
zero at around 7300km. For E =30GeV, there are two zeros at around L =7300km and
9600km.
Another aspect we can observe from these gures is that the sz dependences of T
violation is roughly linear.
(b) The relative sign between the 1st and the 2nd order terms
In order to see the changes of the relative sign between the 1st and the 2nd order


















The 1st order term is expressed by 1, while the 2nd order term is expressed by the
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correspond to resonances. In general, the 2nd order term is smaller than the 1st order
term if k1, k2 and k are away from resonance points. Since q2n = 2npi/L, we compared
(k1L/2)
2, (k2L/2)
2 and (kL/2)2 with (npi)2 for E >5GeV in Fig.8. For L is as small
as 3000km, the resonance condition is not satised so that the 2nd term gives only a
negligible contribution.
We consider the change of the relative sign between the 1st and the 2nd order terms
as L increases from 7000km to 8000km at the lower energy peak position. Since a2 < 0,
k1 < 0, k2 > 0 and k > 0, the sign of the k1 term is negative for L=7000km and becomes
positive at L =8000km. The resonance occurs at around L =7700km. The same is true
for k2 term. The k term never reaches to the resonance point. That is, when L is as
small as 6000km, all terms can be neglected because they never approach to the resonance
point. As a result, T violation is positive. When L exceeds 7000km, contributions from
the k1 and k2 terms become important and their signs are negative. As L approaches
to 7700km, their contribution cancelles the 1st order term and T violation vanishes at
around 7550km. Between 7550km< L <7700km, both k1 and k2 terms become still
negative and dominates over the 1st term so that T violation becomes negative. At
the resonance point, this singularity is cancelled by the oscillation term and T violation
obtains non-zero negative value. After passing the resonance point, both k1 and k2 terms
become positive and contribute additively to the 1st order term. Since the oscillation
term becomes negative and thus T violation remains to be negative.
The L dependence of T violation at the larger energy can be understood similarly.
For E =30GeV, the zero of T violation at around 7300km can be understood similarly.
The zero for 9600km is due to the resonance for k.
(c)The eect from the uncertainty for the average matter density
So far, we used PREM to derive the average density and the matter fluctuations. For
the sake of argument, we consider 5% uncertainty for the average matter density although
we do expect that the uncertainty is much less. We examined how T violation changes
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when the average density is changed by 5%. If the average matter density changes, it
aects to the angle sz˜ and k1, k2 and k as we can see in Eqs.(10). As a result, the
distance L where the resonance occurs changes. In Fig.9, we show the L dependence of
T violation. Diamonds, boxes and stars correspond to the average value from PREM,
5% smaller value and 5% larger value. Faint and dark ones correspond the lower energy
peak and the higher energy peak. It is interesting to see that the zero point shift to the
longer (shorter) L by about 200km as the average density becomes smaller (larger).
(d) The eect from the uncertainty of matter fluctuations
As we discussed in the subsection (b), the main contribution from matter fluctuations
is from the term containing the Fourier coecient a2 for symmetric fluctuations, and
similarly a1 for asymmetric fluctuations. Since a2 is determined from the most dense
matter part (middle part) along the neutrino path. On the other hand, higher modes a2n
(n = 2, 3,   ) are determined mainly by the crust of earth. Therefore, for L > 6000km, a2
is considered to be rather unambiguously determined reflecting the deep inside structure
of mantle.
For asymmetric fluctuations, a1 reflects the global asymmetric feature of matter pro-
le. For distances at a neutrino factory, neutrinos pass mainly through the mantle and
we do not expect much uncertainty a1. For the shorter length, neutrinos pass through the
crust and sometimes the sea. In this situation, the matter prole with large asymmetric
matter fluctuations may need to be considered.[9]
For the sake of argument, we assume that there is about 10% uncertainty for a2, i.e.,
a2n = (1  0.1)(a2n)PREM . Since P T (2s)νανβ depends linearly on a2, the 10% uncertainty
for a2 gives the same uncertainty for P
T (2s)
νανβ
. For distances where the 2nd order term
is neglected, the uncertainty from symmetric fluctuations is negligible (L <6000km). In
distances where the 2nd order term dominates, then 10% uncertainty appears (L >
10000km). The uncertainty for L > 8000km is smaller than 10%. For 7000km<
L <8000km, the uncertainty is larger than 10%. In Fig.10, we show how T violation
becomes uncertain if a2 has 10% uncertainty.
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For asymmetric fluctuations, we assumed that a2n−1 = 0.1(a2n)PREM in addition
to symmetric matter fluctuations determined from PREM. The eect from asymmetric
fluctuations is very similar to the case of symmetric fluctuations and it is shown in Fig.10.
4 Summary
In this paper, we derived the analytic formula for T violation up to the 3rd order term
for small quantities, m221L/2E and δa(x)L/2E. By using this formula, we examined
the E and L dependence of T violation.
We showed that the eect from both symmetric and asymmetric matter fluctuations
are negligible for L <6000km and the constant (average) matter approximation (the 1st
order term) is valid. Therefore, T violation contains the uncertainty from the average
matter aside from mixing angles. Since the average is considered to be determined with
much less uncertainty than matter fluctuations, T violation is determined with a good
accuracy for L <6000km.
For L > 6000km, the situation changes. Matter fluctuations (the 2nd order term)
give a sizable eect to T violation. Moreover, the 1st and the 2nd order terms contribute
destructively for 7000km< L <7700km. As a result, the T violation becomes very small.
In Fig.7, we showed the L dependence of T violation at the lower energy peak
(the peak at E =5.5GeV for L =6000km) and the higher energy peak (the peak for
E =10GeV for L =6000km). T violation at the lower energy peak has the largest value
for 5000km< L <6000km and L 10000km and T violation at the higher energy peak
does for 3000km< L <4000km. T violation becomes zero at around L =7300km. This is
due to the resonance eect, which we explained why this happens by using the analytic
formula. For E = 30GeV, T violation behaves similarly and has the largest value at
5000km.
We also examined how the L dependence of T violation varies as the average matter
is changed by 5%, although we believe that the average matter density is determined
with much less uncertainty. We found that the distance which gives zero of T violation
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shifts about 200km.
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AppendixA : The brief summary of our previous re-
sult
In Ref.1, we derived T violation fromula up to the 2nd order with respect to small
quantities of m221L/4E and δaL/4E, where δa represents matter fluctuations, where
both symmetric δas and asymmetric δaa fluctuations are taken into account. Here, we
give the brief summary of the previous result and the 3rd order calculation needed to
compute the next order symmetric matter fluctuation eect.
We express the S-matrix as






where S00 is the 0th order term from H00, S
(n,m)
01,1 represents the (n+m)th order term from
Hn01 Hm1 , i.e., the term of order (m221L/4E)n(δaL/4E)m.
The contributions to T violation is summarized as follows: (1) The 1st order term
is from S00S
(1,0)
01,1 and is proportional to sin δ and contains the contribution from the





The symmetric and asymmetric matter fluctuations contribute to sin δ and cos δ terms,
respectively. (3) The 2nd order term, S00S
(0,2)
01,1 and the 3rd order term, S00S
(0,3)
01,1 do not
contribute to T violation.
Firstly, we present the result given in Ref.1:
S00 = e








φ+ − c2z˜φ− sys2z˜e−iδφ− cys2z˜e−iδφ−
sys2z˜e
iδφ− φ+ + s2yc2z˜φ− − c2y(φ2− − φ1−) s2y (c2z˜φ2− − s2z˜φ1−)
cys2z˜e




where φ and φi (i = 1, 2) are dened as follows.
φ = e−ia+L  e−ia−L ,



















cyP 0(n,m) −sycy(eiδQ(n,m) + e−iδQ0(n,m)) eiδs2yQ(n,m) − e−iδc2yQ0(n,m)





P(n,m) = (cz˜A(n,m) + sz˜B(n,m)) , Q(n,m) = (sz˜A(n,m) − cz˜B(n,m)) ,
P 0(n,m) = (cz˜A0(n,m) + sz˜B0(n,m)) , Q0(n,m) = (sz˜A0(n,m) − cz˜B0(n,m)) . (A.5)
The S
(1,0)
01,1 is obatained from





















































































































































E (0,n) 0 C(0,n)
0 0 0
D(0,n) 0 F (0,n)




























α()n = E (0,n) + F (0,n) 
(
c2z˜(E (0,n) − F (0,n)) + s2z˜(C(0,n) +D(0,n))
)
,
β()n = −s2z˜(E (0,n) −F (0,n)) + c2z˜(C(0,n) +D(0,n)) (C(0,n) −D(0,n)) . (A.10)
S
(0,1)
01,1 is derived from

















E (0,1) = F (0,1) = 0 . (A.11)
By using the above fromula, we obtained the 2nd order formula for T violation.
Finally, we give the result for S
(0,2)
01,1 which is needed to estimate the 3rd order correc-
tion. S
(0,2)
01,1 is calculated from





(k + qn)(k + qn + qm)
)
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((−1)n + 1)((−1)m + 1)anam












AppendixB : The 3rd order calculation
We consider the 3rd order correction form H01H
2
1 where we take symmetric matter











The latter two can be calculated the result given in Appendix A. Here, we give the result
for S
(1,2)
01,1 which is given from

























































































By using the above formula, we can derive the 3rd order contribution to T violation.
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Figure 1: The energy dependence of the T violation, P Tνeνµ with L = 6000km for
(a) 5GeV< E <30GeV and (b) 1GeV< E <5GeV. The dashed line, the dotted line
and the dash-dotted line show the 1st, the 2nd and the 3rd order terms. The solid
line represents the sum of them. The vacuum (no matter) case is shown by the dash-
twodotted line for the comparison. In this plot, we use sin 2θx = sin 2θy = 1, sin θz = 0.1,

























Figure 2: The energy dependence of the T violation, P Tνeνµ with L = 7000km for (a)
5GeV< E <30GeV and (b) 1GeV< E <5GeV. The species of the lines and the oscillation























Figure 3: The energy dependence of the T violation, P Tνeνµ with L = 7700km for (a)
5GeV< E <30GeV and (b) 1GeV< E <5GeV. The species of the lines and the oscillation























Figure 4: The energy dependence of the T violation, P Tνeνµ with L = 8000km for (a)
5GeV< E <30GeV and (b) 1GeV< E <5GeV. The species of the lines and the oscillation























Figure 5: The energy dependence of the T violation, P Tνeνµ with L = 10000km for (a)
5GeV< E <30GeV and (b) 1GeV< E <5GeV. The species of the lines and the oscillation


























Figure 6: The energy dependence of the T violation, P Tνeνµ with L = 11000km for (a)
5GeV< E <30GeV and (b) 1GeV< E <5GeV. The species of the lines and the oscillation


























Figure 7: The L dependence of T violation, Tνeνµ . In Fig.(a) T violation at the lower
energy peak (E = 5  8 GeV) which is shown by faint points and the higher energy peak
(E = 10  13 GeV) which is shown by dark points. Diamonds, stars, boxes, triangles
and circles show T violation for sz = sin θ13 = 0.1, 0.08, 0.06, 0.04 and 0.02 respectively.
In Fig. (b) we show the values of T violation P Tνeνµ at E = 30 GeV. The oscillation
parameters except for sz are the same as those in Fig.1.
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(kpi/2) 2
(k pi/2)2 (k pi/2)221
(a) (b)
(c)
Figure 8: The energy dependence of (k1L/2)
2(Fig.(a)), (k2L/2)
2(Fig.(b)) and
(kL/2)2(Fig.(c)). Dotted, dashed, dash-dotted and dash-twodotted lines correspond to
L = 3000, 7000, 7700, 11000 km, respectively. The solid line shows pi2. The oscillation












Figure 9: The average density (a) dependence of T violation, P Tνeνµ. Diamonds, boxes
and stars correspond to the average density value from PREM, 5% smaller value and 5%
larger value. Faint and dark points correspond to the lower energy peak (E = 5  8
GeV) and the higher energy peak (E = 10  13 GeV). The oscillation parameters are
























Figure 10: The variation of T violation, P Tνeνµ by the deformation of the shape of
matter prole for L = 7700km. Dotted lines show changes of T violation when Fourier
coecients for symmetric matter fluctuations a2n are varied by 10% from PREM. Dash-
dotted lines are those when asymmetric matter fluctuations are associated to be about
10% of PREM symmetric matter fluctuations. The oscillation parameters are the same
as those in Fig.1.
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